A note on two linear forms 
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1. Diophantine exponents. 

Let 9i. 02 be real numbers such that 

^ ■ 1,^1,^2 are linearly independent over Z. (1) 

O ' 

CN We consider linear form 

b ■ 



> 

m 

On 
O 

o 

m 



L(x) = xq + Xi6'i + X26'2, X = (xo, X2) G Z 
By |z| we denote the Euclidean length of a vector z = (zq, -^i, -22) £ IR'^- Let 



a) = uj{6i,92) = sup < 7 : limsup ( F min |i^(x)| < 00 > (2) 

t t^oo V 0<\yi\^t J J 

be the uniform Diophantine exponent for the linear form L. 

We consider another linear form -P(x). The main result of the present paper is as follows. 

Theorem 1. Suppose that linear forms L{x) and P{x) are independent and the exponent Cj for 
the form L are defined in Then for the Diophantine exponent 

Ulp = sup {7 : there exist infinitely many x G Z'^ such that |lv(x)| ^ ■ |x|^'''} 

we have a lower bound 

Ulp ^ cD^ — w + 1. 

Remark. Of course in the definition ([2]) and in Theorem 1 instead of the Euclidean norm |x| 
we may consider the value maxj=i^2 as it was done by the most of authors. 

Consider a real 9 which is not a rational number and not a quadratic irrationality. Define 

= a;*(^) = sup{7 : there exist infinitely many algebraic numbers ^ of degree ^ 2 

such that 16* - <e| ^ ^(0"^} 

(here H{^) is the maximal value of the absolute values of the coefficients for canonical polynomial 
to Then for linear forms 

L{y.) = xq + Xi9 + X29'^ , P(x) = xi + 2x26^ 

one has 

oj* ^ ujlp- (3) 
So Theorem 1 immediately leads to the following corollary. 

Theorem 2. For a real 9 which is not a rational number and not a quadratic irrationality one 

has 

uj^^CJ^ -CjW (4) 
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with u! = uj{6, 9'^). 

2. Some history. 

In 1967 H. Davenport and W. Schmidt |i2j (see also Ch. 8 from Schmidt's book [llj) proved that 
for any two independent linear forms L, P there exist infinitely many integer points x such that 

|L(x)|^C|P(x)||x|-^ 

with a positive constant C depending on the coefficients of forms L, P. From this result they deduced 
that for any real 9 which is not a rational number and not a quadratic irrationality the inequality 

\9-i\^C,H{i)-^ 

has infinitely many solutions in algebraic ^ of degree ^ 2. 

We see that for any two pairs of forms one has lolp ^ 3. But form the Minkowski convex body 
theorem it follows that under the condition ([T]) one has Co ^ 2. Moreover 

min(a)^ — tl; + 1) = 3. 

So our Theorems 1,2 may be considered as generalizations of Davenport-Schmidt's results. 

Later Davenport and Schmidt generalized their theorems to the case of several linear forms 
[3]. In the next paper [4J they showed that the value of the uniform exponent for simultaneous 
approximations to any point {9, 9'^) is not greater than This together with Jarnik's transference 

equality (see [5J) leads to the bound Qj ^ '^^^ which holds for all linear forms with coefficients of 
the form 9, 9"^. So for a linear form with coefficients 9, 9'^ one has 

. 3 + ^5 

2^a;^^^. (5) 

D. Roy [HI [To] showed that the set of values Cj for linear forms under our consideration form a dense 
set in the segment ([5]). Moreover he constructed a countable set of numbers 9 such that 

Cj{9,9'') = ^ + ^ and uj.{9) = 'i\^. 
2 

This shows that our bound (jl]) from Theorem 2 is optimal in the right endpoint of the segment ([5]), 
namely for Gj = ■ 

Other results on approximation by algebraic numbers are discussed in W. Schmidt's book 
in wonderful book by Y. Bugeaud [Ij and in M. Waldschmidt's survey [12]. 

Our proof of Theorem 1 generalizes ideas from [21 |3l S] and uses Jarm'k's inequalities |6l [7]. 

3. Minimal points. 

In the sequel we may suppose that a) > 2 as the case u = 2 follows from Davenport-Schmidt's 
theorem (in this case our Theorem 1 claims that u^p ^ 3). We take a < u close to u so that a > 2. 
A vector x = {xq, Xi, X2) G \ {0} is defined to be a minimal point (or best approximation) if 

min |L(x')|=L(x). 

x':0<|x'|^|x| 

As 1,^1,6*2 are linearly independent, all the minimal points form a sequence x,^ = {xq^i,,Xi^^,X2^u), 
u = 1,2, 3, ... such that for X,^ = |xj,|, = L(x,^) where one has 

Xi< X2< ... < X^ < X^+i < ... , Li > L2 > ... > L^> L^+i > ... . 
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Here we should note that 

L, ^ X.^\ (6) 

for all j large enough. Of course each vector Xj is primitive and each couple Xj,Xj_(_i form a basis of 
the two-dimensional lattice fl span (xj, Xj+i). 

Let F{x.) be a linear form linearly independent with L and P. Then 

max{|L(x)|,|P(x)|,|F(x)|}x|x|. (7) 



We also use the notation P,^ = P(xj^), F^, 


= F(x 


ij). In the sequel we need to consider determinants 






Fj-i 




Xo.j-l Xij-i X2J-1 






Pj 




= A 


Xo,j Xij X2J 








Fj+i 




Xo,j+l ^2,j+l 





here A is a non-zero constant depending on the coefficients of linear forms L, P, F. We take into 
account f l7|6|) and the inequality a > 2 to see that 



A, = L,.,P,F,^, - L,^iP,+iF, + OiL.X]^,) = L,-iP,F,+i - L,^iP,+iF, + o(l), j ^ oo. (8) 

The following statement is a variant of Davenport-Schmidt's lemma. We give it without a proof. It 
deals with three consecutive minimal points Xj_i, Xj, Xj+i lying in a two-dimensional linear subspace, 
say TT. We should note that our definition of minimal points differs from those in j2l |3l [11]. However 
the main argument is the same. It is discussed in our survey [8j. One may look for the approximation 
of the one dimensional subspace £ = tt fl {z : L(z) = 0} by the points of two-dimensional lattice 
Aj = {xj-i, Xj) Then the points Xj_i, Xj, Xj+i G Aj are the consecutive best approximations to i with 
respect to the inducednorm on tt (see |i8j. Section 5.5). 

Lemma 1. If for some j the points Xj_i, x^, Xj+i are linearly dependent then 

Xj_(_i = tx.j + Xj_i 

for some integer t. 

The next statement is known for long time. It comes from Jarnik's papers [SII7]- It was rediscov- 
ered by Davenport and Schmidt in |1] and discussed in our survey [5]. 

Lemma 2. there exist infinitely many indices j such that the vectors Xj_i,Xj,Xj+i are linearly 
independent. 

The following lemma is due to Jarmk j6l Ej (see also Section 5.3 from our paper |8]). 
Lemma 3. Suppose that j is large enough and the points Xj_i, Xj, Xj_(_i are linearly independent. 
Then 

X,+i > X^-' (9) 

and 

L, « X7"(°-') (10) 

Now we take large u and k ^ u + 1 such that 

• vectors Xi,_i, Xj,, x,^_|_i are linearly independent; 

• vectors Xfc_i,Xfc,Xfc+i are linearly independent; 

• vectors u ^ j ^ k belong to the two-dimensional lattice Aj, = fl span (xj,, x^+i). 
From Lemma 1 it follows that for j from the range u ^ j ^ k — 1 one has 

Lj+i = tj^iLj + Lj^i, Pj+i = ^j+iPj + Fj-ii 



3 



with some integers tj+i, and hence 

LyPu+i — L^^iPu = ±(Lfc-iPfc + LkPk-i)- (11) 
Lemma 4. Consider positive r under the condition 

r<a'^-a + l<(2j^-uj + l. (12) 

Suppose that 

\Pu\ < L,X: (13) 

and V is large. Then 

ip,+ii>xr^ (14) 

Proof. For j = v consider the second term in the r.h.s of ([8]). From (l6H71ll2lll3p and the inequahty 
([9]) of Lemma 3 we have 

\Ly^lPyFyJ^l\ <^ \Ly^lLyXl\ XyJ^l <^ X^, ^'X^j^^ <^ X^ ° +° ^ = ^(l). 

As Ai^ 7^ we see that 

1 <C \Liy^iPiyj^-iFiy\ <^ Ly^i\Puj^i\ Xy <^ Xl "|P,^_|_i| 

(in the last inequahties we use ([7]) and ([6]). Everything is proved. □. 
4. The main estimate. 

The following Lemma presents our main argument. 

Lemma 5. Suppose that r satisfies ^^]. Suppose that ^ holds for all indices j and suppose that 
for a certain Pq one has 

L,:^x-^\ (15) 



Suppose that simultaneously we have 



\Pu\ ^ L,Xl, (16) 
\Pk-i\ ^ Lk-iXl_^, (17) 
\Pk\ < LkXr (18) 



Then 



and 



r^a' + l-^^. (19) 
a — 1 

Lk:^X-^\ with P' = r-a-l + ^^ < Po. (20) 

a — 1 

First of all we note that 

XI < L,X;-"("-i) = o(L,Xri). 

Here the first inequality comes from (fT6|) . The second inequality is ([6] with j = u +1. The third one 
is simply X;^+2 ^ ^u+i- The fourth one is (Q of Lemma 3 for j = u. The last inequality here follows 
from (I12p asr<a^ — a + l<a^ — 1 (because a > 2). We see that the conditions of Lemma 4 are 
satisfies and by Lemma 4 we see that 



Lu\Pu+i\ 3> Lj,X 



a-l 
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So in the l.h.s. of flTT]) the first summand is larger than the second. Now from fllip we have 

LuX" <^ Lfc_i|Pfc| + Lfc|Pfc_i|. (21) 

We apply ffTTllTH]) to see that 

max(Lfc_i|Pfc|, Lfc|P,_i|) ^ Lfc_iL,X[ « X^^^fcTi ^ ^ X:~f « (22) 

Here the second inequality comes from (fTTl) for j = k — 1 and j = A;. The third inequality is Lemma 
3 with j = k. The fourth one is just Xk ^ The fifth one is Lemma 3 for j = v. 

Now from estimates f l2T]l22|) and f lT5|) we have 



Y-/3o+a-l ^ v-(r-a^){a-l) 

This gives 



^2,1 /^O 

r ^ a +1 



a — \ 
So ( fT9l) is proved. 

To get f l20|) we combine the estimate (12T]) with the left inequality of (122|) . the bound (fT5|) for 
2 = V and the bound ([6]) for j = — 1. This gives 

or 

But /3o > «(a — 1) ^ (tt — 1) by inequality (fTOl) of Lemma 3 and Xk ^ Xi,+i ^ -'^^"^^ by inequality 
([9]) of Lemma 3. So 

Lfc ^ '^"^ , 

and this is the first inequality form (120|) . 

Moreover as /3o > a{a — 1), from f[T^ we deduce < /3. Lemma is proved. □ 
5. Proof of Theorem 1. 

Suppose that r satisfies ( !T2|) . We take infinite sequence indices z^i < z/2 < ••• < ^'t < ••• such that 

• for every i = 1,2, ... vectors Xi,^_i, x,y., ^Ui+i are linearly independent; 

• for i = 1,2,... vectors Xj, v'i ^ j ^ Vi+i belong to the two-dimensional lattice K^. = 7? r\ 
span(x^^,x^^+i). 

Now we suppose that three inequalities (I16fl7fl8p hold for all triples {i',k — l,k) = {vi,ViJ^i — 
1, z^i+i) for all i ^ 1. 
Define recursively 

A+i = r - a - IH 

a — 1 

Then 

Pi = aia — 1) + 7 — )■ a(a — 1), « — > oo. 

(a — 1 1* 



We apply of Lemma 5 to the first w triple of indices. Then we get (l20l) for k = fi+i, and in particular 
for k = i>w with Pu, close to a{a — 1). Now we apply Lemma 5 to = Vw in (flSl) we have j3w instead 
of p. So (dH]) gives 



\ 2 I 1 /^f 

r ^ a — a + l 

a — 
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We take limit — )■ oo to see that 

r ^ — a + 1. 

This contradicts to f|T2|) . So there exists j G U^]^{z/j, z/j+i — such that Lj ^ |Pj|X~''. 

Theorem is proved. □ 

Acknowledgement. The author is grateful to Igor Rochev for important comments on the proof 
and for pointing out certain inaccuracies in the manuscript. 
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